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The main theorem in this paper is that the base change functor from a noetherian abelian 
category A to A[t] the noetherian polynomial category of A, - (gu Z[t] : A -t A[t] induces an 
isomorphism on their if -theories. The main theorem implies the well-known fact that A^homotopy 
invariance of A"-theory for noetherian schemes. 
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Abstract 



O ' 1 Introduction 

< 

Contrary to the importance of A^homotopy invariance in the motivic homotopy theory [Voe98], 
[MV99] and [VoeOO], the homotopy invariance of if'-theory for noetherian schemes still has been 
mysterious in the following sense. After [Sch11], every fundamental theorems except for the ho- 
motopy invariance of A''-theory, the devissage theorem in |Qui731 and the cell filtration theorem 
in [Wal85] are corollaries of Thomason-Schlichting localization theorem and in the view of non- 
commutative motive theory [CT09] or motive theory for oo-categories [BGT10], non-connective K- 
theory is the universal localizing invariant. On the other hand, Vorst conjecture in |Vor791 which 
says that for any affine scheme X, A 1 -homotopy invariance of if -theory for X, characterizes the 
regularity of X, has been recently proved by utilizing full techniques of cohomology theories in non- 
commutative motive theory in [CHW08] and | GH12| . To relate motivic homotopy theory with motive 
theory for DG or oo-categories, it is important to make clear the homotopy invariance of A'-theory 
in the view of motive theory for higher categories. Many authors have already defined affine lines 
over certain categories as in [GM96] and [Sch06]. The main objective in this paper is to examine 
the homotopy invariance of A-theory for abelian categories by taking Schlichting polynomial cate- 
gories. We recall the definition of the polynomial categories. For a category C, we let EndC denote 
the category of endomorphisms in C. Namely, an object in EndC is a pair [x, 4>) consisting of an 
object x in C and a morphism <t> : x ->• x in C and a morphism between (x, 4>) ->• (y, t/>) is a morphism 
/ : x -> y in C such that tpf = J4>. (See Notation IZT). From now on, let A be an abelian category. 
We write Lex A for the category of left exact functors from A op to Ab the category of abelian groups. 
The category Lex .4 is a Grothendieck abelian category and the Yoneda embedding y -. A ->■ Lex A 
is exact and reflects exactness. We say an object x in A is noetherian if every ascending filtration 
of subobjects of x is stational. We say A is noetherian if every object in A is noetherian. (See 
Notation |Z4). We assume that A is a noetherian abelian category and we write A[t] for the full 
subcategory of noetherian objects in End Lex A and call it the noetherian polynomial category 
over A. (See Definition 12.17) . We can prove that A[t] is an abelian category. (See Lemma l2~5|l. 
For an object a in A, let us define an object a[t](= (a[t],t)) in End Lex A as follows. The underlying 

oo 

object a[t] is ffia£* where at* is a copy of a. The endomorphism t : a[t] ->■ a[t] is defined by the 

identity morphisms at* -t at i+1 in each components. We can prove that if a is noetherian in A, 
then a[t] is noetherian in A[t\. (See Theorem T2.16) . We call the association - ® A Z[t] : A ->■ A[t], 
a h^ a[t] the base change functor which is an exact functor. The main theorem is the following. 

Theorem 1 .1 . Let A be a noetherian abelian category. The functor - ® A Z[t] : A -> A[t] induces a 
homotopy invariance of spectra on K -theory 

K(A)^K{A[t]). 



The key idea of how to prove the main theorem is, roughly speaking, that we recognize an affine 
space as to be a rudimental projective space 

A n = P" \{[x : • • • : X n ] € V n ;x n = 0}(= P" \ P"" 1 ). 

(Compare the equation above with the formula (2) below). To give more precise explanation, for a 
scheme X which has an ample family of line bundles and a closed subset Y of X, we write [X Y ] 
for the bounded derived category of perfect complexes E* on X such that [J SuppH 4 ^') c Y and 

i 

denote [X x ] by [X]. Then the following three formulas imply A 1 -homotopy invariance of if-theory 
for regular noetherian schemes. 

(1) (Derived projective bundle formula). [P^-J/pP^" 1 ] 4[X]. 

(2) (Thomason-Trobaugh formula). [Px]/[(Px) P * ] -H A x] where the symbol ~ means the 
idempotent completion of triangulated categories. 

(3) (Purity). If X is regular noetherian separated over SpccZ, then we have the isomorphism 

In this paper, we trace parallel argumetns above in categorical setting. Projective spaces are re- 
placed with graded categories over categories which is introduced in §3. The formulas (1) and (2) 
above correspond to Theorem [3.231 and Theorem R~5l respectively. Finally the formula (3) above 
is replaced with Proposition 14.1 31 which is a consequence of the devissage theorem. A geometric 
meaning of the devissage theorem in the view of categorical algebraic geometry will be studied in 
the first author's subsequent papers. 

Conventions. In this note, basically we follow the notation of exact categories for [Kel90] and al- 
gebraic X-theory for |Qui73| and [Wal85j. For example, we call admissible monomorphisms (resp. 
admissible epimorphisms and admissible short exact sequences) inflations (resp. deflations, con- 
flations). We also call a category with cofibrations and weak equivalences a Waldhausen category. 
Let us denote the set of all natural numbers by N. We regard it as a totally ordered set with the 
usual order. For a Waldhausen category, we denote the specific zero object by the same letter *. 
We denote the 2-category of essentially small categories by Cat, the category of set by Set. For 
any non-negative integer n, we denote the set of all integers k such that < k < n by [n]. For cate- 
gories X, y, we denote the (large) category of functors from X to y by HOM(X, y). For any ring 
with unit A, we denote the category of right A-modules (resp. finitely generated right A-modules) 
by Mod(A) (resp. Ma)- Throughout the paper, we use the letter A to denote an essentially small 
abelian category. For an object x in A and a finite family {xi}i<i< m of subobjects of x, J2"Li x i 
means the minimum subobject of x which contains all x». For an additive category B, we write 
Ch(fi) for the category of chain complexes on B. 

Acknowledgements. The authors wish to express their deep gratitude to Marco Schlichting for 
instructing them in the proof of the abstract Hilbert basis theorem l2~T6l 

2 Polynomial categories 

In this section, we recall the notation of polynomial abelian categories from [SchOO] or [Sch06] . 

2.1 End categories 

Definition 2.1. For a category C, we denote the category of endomorphisms in C by EndC. 

Namely, an object in EndC is a pair (x,<f>) consisting of an object x in C and a morphism 4> : x -> x 
in C and a morphism between (x, <f) -s- (y, ip) is a morphism / : x ->• y in C such that ifrf = f<fi. For 
any functor F : C -»• C', we have a functor End F : EndC -^ EndC' which sends (x,<f>) to (Fx,F(f>). 
Moreover for any natural transformation 6 : F ->• F' between functors F, F : C ->• C', we have a 
natural transformation End 6 : EndF -t EndF' defined by the formula End6>(a;, 4>) ■— 0(x) for any 
object {x,<j>) in EndC. This association gives a 2-functor 

End : Cat -> Cat . 



We have natural transformations i : id Ca t -»■ End and U : End ->■ id Cat defined by i(C) : C -> 
EndC, x !->■ (», id*) and [7(C) : EndC ->■ C, («, 0) n> a; for each category C. 

Remark 2.2. Let C be a category and F : X -t EndC, i i-» (xi,4>i) be a functor. Let us assume 
that there is a limit lima;, (resp. colimit colim^) in C. Then we have limFj = (lima;,-,lim0i) (resp. 
colimFi = (colimiCj,colim^,)). In particular, if C is additive (resp. abelian), then EndC is also 
additive (resp. abelian). Moreover if C is an exact category (resp. a category with cofibration), then 
EndC naturally becomes an exact category (resp. a category with cofibration). Here a sequence 
(x, 0) -► (y, i>) -» (z, £) is a conflation if and only if x ->• y ->■ « is a conflation in C. (resp. a morphism 
(a;, 0) A (y, VO is a cofibration if and only if u : x ->• y is a cofibration in C.) Moreover if w is a class of 
morphisms in C which satisfies the axioms of Waldhausen categories (and its dual), then the class 
of all morphisms in EndC which is in w also satisfies the axioms of Waldhausen categories (and its 
dual). 

Remark 2.3. In [GM96, III. 5.15], for a category C, the category EndC is called the polynomial 
category over C and denoted by C[T\. For any ring with unit A, we have the canonical category 
isomorphism 

Mod(A[T])^-(Mod(A))[T], M h-» (M,T) 

where A[T] is the polynomial ring over A and T means an endomorphism T : M -¥ M which sends 
an element x in M to an element xT in M. Moreover in general for any abelian category A, we 
have the equality 

hdim^[T] =hdim.A+l 

where hdim^ is the homological dimension of A which is defined by 

hdim.4 := max{n; Ext n (x,y) ^ for any objects x, y}. 

But obviously for any right noetherian ring A, (Ma)\T\ and Ma\t\ are different categories. The main 
reasons is that A[T] is not finitely generated as an A-module. In particular, the object (A[T],T) is in 
(Mod(A))[T] but not in {Ma)[T\. In the subsection I2.41 we define the noetherian polynomial cate- 
gories over noetherian abelian category which is introduced by Schlichting in [Sch06]. In this notion, 
we have the canonical category equivalence between M A [t\ and (MaW]- See Example l2.20l 

2.2 Noetherian objects 

In this subsection, we develop the theory of noetherian objects in exact categories which is slightly 
different from the usual notation in the category theory. 

Definition 2.4. Let £ be an exact category and x an object in £. We say x is a noetherian object 
if any ascending filtration of admissible subobjects of x 

Xq ^ X\ >-> X 2 >-> ■ ■ ■ 

is stational. We say £ is a noetherian category if all objects in £ are noetherian. 
We can easily prove the following lemmata. 

Lemma 2.5. Let £ be an exact category. Then 

(1) Let x>-*y^»z be a conflation in £.lfy is noetherian, then x and z are also noetherian. 

(2) For noetherian objects x, y in£, x®y is also noetherian. 

(3) Moreover assume that£ is abelian, then the converse of (I) is true. Namely, in the notation (l), 
ifx and z are noetherian, then y is also noetherian. □ 

Lemma 2.6. For any exact faithful functor F -. A -t B between abelian categories and an object x 
in A, if Fx is noetherian, then x is also noetherian. □ 



2.3 Grothendieck category 

In this subsection, we briefly review the notion of Grothendieck categories. 

Definition 2.7 (Generator). An object u in a category C is said to be a generator if the corepre- 
sentable functor Hom(u, -) : C -> Set associated with u is faithful. 

Definition 2.8 (finite type). Let B be an additive category and x, y objects in B. We say that y is 
of z-finite type (in B) if there exists a positive integer n and an epimorphism x® n -»y\r\B. 

Example 2.9. Let R be a ring with unit. An object M in Mod(i?) is a finitely generated i?-module if 
and only if M is of infinite type. 

Lemma 2.1 0. (1) Let f -. B ->• C be an exact functor from an abelian category B to an exact category 
C and x, y objects in B. Ify is of x-finite type, then f(y) is of f(x)-finite type. 
(2) Let B be an abelian category which has an generator u. Then any noetherian objects in B are 
ofu-finite type. 

Proof. (1) There exists a positive integer n and an epimorphim p : x® n ^y. Then we have an 
epimorphism f(p) : f(x)® n -» f(y). Hence f(y) is of /(a;)-finite type. 

(2) Let x be a noetherian object in B and we put A := Hom(u, x). For any A e A, we write u x for a 
copy of u. Then {A : u x ->• x} XeA induces a morphsim p : ££) u x ->■ x. 

Claim, p is an epimorphism. 

Proof of claim. Let a : x ->• y be a non-zero morphism in £>. Since u is a generator, Hom(u,a) is 
a non-zero map. Therefore there exists a morphism A : u Xo -+ x such that a\ Q ^ 0. In particular 
ap ^ and p is an epimorphism. □ 

If A is a finite set, then we get the desired result. If A is an infinite set, then there exists an injection 
u : N -4 A. We put x n = p{ £fi u a ) where [n] is the set {0, 1, • • • , n}. Then the family {x„} ne N 

o£u([n]) 

is an asscending chain of subobjects of a noetherian object x and therefore it is stational. Say 
x k = x k +i — ■ ■ ■ ■ Then the restriction of p to (J) u a , (J) m q -4 a; is an epimorphism. □ 

a£i*;([n]) oEu([n|) 

Definition 2.11 (Grothendieck category). We say that an abelian category B is Grothendieck if 

the following conditions hold. 

(1) B has a generator. 

(2) B is cocomplete. Namely for any small category 1, we define the diagonal functor Aj : B ->■ 
HOMiT, B) by sending an object x in S to a constant functor X-> B which sends all objects in I to 
a; and all morphisms in 1 to id x . Then Aj admits a left adjoint functor colim x : r HOM{X, B) -4 B. 

(3) All small direct limits in B is exact. Nameley for any filtered small category 1, the colimit functor 
colimx : UOM{X, B)^B\s exact. 

2.12. For an essentially small exact category S, we denote the category of left exact functors from 
£ op to the category of abelian groups Ab by Lex£. It is well-known that the category Lex £ is 
a Grothendieck category and the Yoneda embedding y -. £ -> Lex £ which sends x to the repre- 
senta ble functor associated with x, Hom(-,i) : £ op ->■ Ab is exact and reflects exactness, (cf. 
|TT90I A.7.1, A.7.5]). For example, let A be a ring with unit, then the composition of the Yoneda 
embedding Mod(A) -4 LexMod(A) and the restriction LexMod(A) ->■ LexA^^ induced from 
the inclusion functor Ma c ^ Mod(A) is an equivalence 

Mod(A) ^ Lex A4a 

where the inverse functor is given by sending an object F in Lex Ma to an object F(A) in Mod(A). 

Theorem 2.13 (Embedding theorem), (cf. [GP64J). Let B be a Grothendieck category with a 
generator u. We put R := Rom B (u, u). R is a ring with unit by taking multiplication as composition 
of morphisms. Then the corepresentable functor Hom(u, -) : B -> Mod -R associated with u is 
fully faithful. 



Corollary 2.14. Let A be an essentially small noetherian abelian category. Then there exists a ring 
with unit R A and an exact fully faithful functor i A : A-¥ Mr a . 

Proof. Let u be a generator of Lex A and put R A := Hom(u,u). Then we have an exact fully 
faithful functor i A : ^l^^Mod(i?^) defined by composing a corepresentable functor asssociated 
with u, Hom(u, -) : Lex .4.^ Mod(i?^) and the Yoneda embedding y A : .4 ^-> Lex A We claim 
that i A factors through A^ Mr a . For any object x in A, ha(x) is a noetherian object by |Pop73, 
5.8.8, 5.8.9]. Therefore by Lemma l2"T0l f2), y A (x) is of u-finite type and hence i A (x) is a finitely 
generated iiU-module by Example IZ9l and Lemma lzTol fl). We obtain the desired result. □ 

2.4 Schlichting polynomial category 

In this subsection, we introduce noetherian polynomial categories for noetherian abelian categories. 

2.15. For an object a in an essentially small exact category £, we define an object a[t](= (a[t],t)) in 

End Lex £ as follows. The underlying object a[t] is Q^at 1 where at 1 is a copy of a. The endomor- 

phism t ■. a[t] -)■ a[t] is defined by the identity morphisms at 1 -^ at l+l in each components. 

The following theorem is proved in ISchOOl 9.10 b]. 

Theorem 2.16 (Abstract Hilbert basis theorem). For any noetherian object a in an essentially 
small abelian category A, a[t] is also a noetherian object in End Lex A. D 

Definition 2.17 (Schlichting polynomial category). Let us assume that A is an essentially small 
noetherian abelian category and we denote the full subcategory of noetherian objects in End Lex A 
by A[t] and call A[t] the noetherian polynomial category over A. By virtue of Lemma [231 and 
Theorem f2. 161 we acquire the assertion that A[t) is a noetherian abelian category. 

Remark 2.18. We can prove that an object x in End Lex A is in A[t] if and only if there exists a 
deflation a[t] -» x for some object a in A. 

Example 2.19. For any noetherian objects a, bin A and a morphism / : a[t] -» b[t] in A[t], there 

m 

exists a positive integer m such that f(a) is in (£)bt\ Since the morphism / is recovered by the 

f 
restriction a ->• a[t] -> b[t], f is determined by morphisms a : a ->■ b (0 < i < m) in A. We write / by 

m 

Example 2.20. Let A be a ring with unit. Then we have the category equivalence 

M A[t] ^(M A )[t], Mh4(M,*). 
More precisely, by Remark l2T3l and 12.121 we have the equivalences of categories 

Mod(A[i\) ^> End Mod(A) ^ End Lex M A ■ 

By considering the full subcategories of consisting of those noetherian objects, we get the desired 
result. 

3 Graded categories 

In this section, we will introduce the notion of (noetherian) graded categories over categories and 
calculate the if -theory of noetherian graded categories over noetherian abelian categories. 



3.1 Fundamental properties of graded categories 

3.1 . For a positive integer n, we define the category < n > as follows. The class of objects of < n > 
is just the set of all natural numbers N. The class of morphisms of < n > is generated by morphisms 
V4 : rn -)• m + 1 for any m in N and 1 < i < n which subject to the equalities ^ l m+1 ^ 3 m = V'm+i^m 
for each m in N and 1 < i, j < n. 

Definition 3.2 (Graded categories). For any positive integer n and any category C, we put C gI [n] -.= 
UOM{< n>,C) and call it the category of (n-)graded category over C. For any object x and any 
morphism / : x -> y in C gI [n], we denote a;(m), x(tp l m ) and /(m) by x m , tpm or shortly VC and f m 
respectively. 

Remark 3.3. We can calculate a (co)limit in C gT [n] by term-wise (co)limit in C. In particular, if C 
is additive (resp. abelian) then C gI [n] is also additive (resp. abelian). Moreover if C is a category 
with cofibration (resp. an exact category), then C gr [n] naturally becomes a category with cofibration 
(resp. an exact category). Here a sequence x ->• y -> z is a conflation (resp. a morphism ,r -» y 
is a cofibration) if it is term-wisely in C. Moreover if w is a class of morphisms in C which satisfies 
the axioms of Waldhausen categories (and its dual), then the class of all morphisms lw in C gT [n] 
consisting of those morphisms / such that f m is in w for all natural number m also satisfies the 
axioms of Waldhausen categories (and its dual). 

We can prove the following lemma and corollary. 

Lemma 3.4. Let C, V and 1 be categories and f : C ->■ V a functor. If f is faithful (resp. fully 
faithful), then UOM{l, f) : HOM(X, C) -> UOM(l, V) is faithful (resp. fully faithful). D 

Corollary 3.5. Let f : C -t T> be a functor between categories and n a positive integer. If f is 
faithful (resp. fully faithful), then the induced functor f gT [n] : C ST [n] -> V gr [n] is faithful (resp. fully 
faithful). □ 

3.6. For an exact category £ and a positive integer n, we denote the full subcategory of all noethe- 
rian objects in £ gr [n] by £' gr [n}. In particular if £ is an abelian category then £' gT [n] is a noetherian 
abelian category by Lemma [231 In this case, we call £' gI [n] the noetherian (?i-)graded category 
over £. 

Definition 3.7 (Degree shift). Let C be a category with a specific zero object and k an integer. 
We define the functor (fc) : C gr [n] -> C gI [n], x *-t x(k). For any object x and any morphism / : x ->• y 
in C gI [n], we define an object x(k) and a morphism f(k) : x(k) ->■ y(k) in C gT [n] as follows. We put 

x m+ k ifm>-fc .,,>(*)._ J V'm+it if"i>-fc i „ u . J fm+k \im>-k 



x(k) m = < " , V'm l } := < m+k ~ and /(fc) m := , 

W [0 ifm<-fc \0 ifm<-fc W [0 ifm<-fc 

For any object x in C gr [n] and any positive integer k, we have the canonical morphism ^' fe (= VO : 
*(-&) ~> a;(-& + 1) defined by ^ l m _ k : a:(-fe) m = x m -fe -> x(-fc + l) m = x m -k+i for each m in N. 

Definition 3.8. For any natural numbers m and k, anny object a; in C gI [n] and any multi index 
i = (n, ■ ■ • ,i n ) e N", we define the morphism ^ ,fc (= V' t ) : »(— (S"=i *j + fy) -»■ x(-fc) by 

^ = (^ n ) < -(^ n - 1 ) iB - 1 -(^T(^ 1 ) il . 

Definition 3.9 (Free graded object). Let C be an additive category and n a positive integer. We 
define the functor J r c [n](= F[n\) : C -> C gr [n] in the following way. For any object x in C, we define 
the object F[ri\(x) = »[{V' i }i<i<m] in C gr [n] as follows. We put 



^M(*)m := 






where a;i is a copy of x. Xi (V^ij = m) components of the morphisms ip^f^ 1 ^ : F[n](x) r 
T[n](x) m+ i defined by id : xi ->■ a; i + Cfc where e fe is the fc-th unit vector. 



3.10. Let C be an additive category and k a natural number. For any object x in C gI [n], we have 
the canonical morphism IF[n](xk)(—k) ->■ x which is defined as follows. For any m> k and any i = 

n 

(«ij • • • )»n) € N" such that V" i 3 = m - k, on the x\ component of T\n]{xk){—k) m , the morphism is 

defined by VC : a;< -> #m- 

Remark 3.11. Let C be an additive category. Then the functor J"[n] : C -4 C gr [n] is the left adjoint 
functor of the functor C gr [ra] ->■ C, y ^ y . Namely for any object x in C and any object y in 
C gr [n], we have a functorial isomorphism Rozac(x,yo) ■ = +Komc gt [ n ]{F[n]{x),y) ! which sends / to 

(F[n](x) n % U) T[n](y )^y). 

Example 3.12. For any objects x and y in an additive category C, any positive integer k, and 
any family of morphisms {ci}i=(i lt -,i n )en n , E*i=* ^ rom * to 2/' we define the morphism ^c^ : 
F[n](x)(—k) -4 .F[n](y) by c v : xj -> xj + i on its «j component to a; j + i component. 

Lemma 3.13. Let A be a noetherian abelian category and n a positive integer. Then 

(1) For any object x in A, F[n]{x) is a noetherian object in A gr [n]. In particular, we have the exact 
functor 

J^t[ft] : A — > A' gr [n]. 

(2) For any object x in A' gl . [n], there exists a natural number m such that the canonical morphism as 
in \3ld\ 

in 

®^[n](x fc )(-*)->a; 

k=0 

is an epimorphism. 

Proof. (1) We define the functor 

r:^ gr [n]^End"LexA Z^(®3H, ®Vm,--- ,®C) 

where End" means the n-times iteration of the functor End. Since Lex .4 is Grothendieck abelian, 
the functor is exact and therefore r is an exact functor. Moreover for any morphism / : x -4 y in 
.AgrN, the condition r(/) = obviously implies the condition / = 0. Hence r is faithful. We can eas- 
ily check that for any object x in A, we have the canonical isomorphism r(J r [n](x))^a;[ii, • • • ,£„] 
and x[ti,--- ,t n ] is a noetherian object in End"Lex.4 by Theorem 12.161 Therefore F[n](x) is 
noetherian in A gI [n] by Lemma l2~6l 

1 
(2) We put zi = Im(© J"[n](x fe )(-fc) -4 x). Let us consider the ascending chain of subobjects in x 

fc=0 

Z\ >— » Z2 >— » ■ ■ ■ >— * X. 

Since a; is a noetherian object, there exists a natural number m such that z m = z m+i = ■■ ■ . We 
claim that the canonical morphism 

i 

y :=0^ r N( a; fe)(- fc ) -»•* 

fe=0 

is an epimorphism. If fc > m, j/j, -> £& is obviously an epimorphism. If fc > m, then we have the 
equalities 

Im(y k -4 »fc) = (z m ) fc = (z fe ) fc = x fc . 

Therefore we get the desired result. □ 

Definition 3.14 (Finitely generated objects). Let £ be an exact category. 
(1) An object (x, u) in End £ is finitely generated if there exists an object y in £ and an epimorihsim 
(y[t],t)-»(x,u) in End(Lex£). Let us write End(Lex£) fg for the full subcategory of End(Lex£) 
consisting of those finitely generated objects in End(Lex£). 



(2) An object x in £ gr [n] is finitely generated if there exists a non-negative integer n such that the 

n 

canonical morphism (^ F[n](x k )(-k) ->• x as in Remark l3.11l is an epimorphism. We denote the 

fc=0 

full subcategory of £ gr [n] consisting of those finitely generated objects in £ gI [n] by £ gI [n]f s . 

Remark 3.15. Let / : B -> C be an exact functor from an exact category B to an exact category C. 
Then 

(1) For any object x in B, we have the equality / gr [n](J"[n](x)) = T[n](j(x)). 

(2) Therefore if B is an abelian category, then / induces an exact functor / gr [2]f g : B gr [n]f g -> 
C gr [n] fg . 

(3) Moreover if B is an essentially small noetherian abelian category, then we have B gr [n] ig = B' gl . [n] 
and End(LexS) fg = B[t] by Lemma|Z5](l), Remark [2J8] and Lemma|3T3] 

Example 3.16. For a ring with unit A and £ = Ma, £gr[n]i e is just the category of finitely generated 
graded right A[h, ■■■ , i„]-modules M A[tu ... >tn])gr . 

Proof. Any object x in M.A[t lt - ,t n ],gt is considered to be an object in £ gr [n]f g in the following way. 
Let us define the functor x' :< n >—> £ by k i-» x k and (^' : k ->• A; + 1) \-i {t t : x k — s- x fc+1 ). The 
association x ^ x' induces a category equivalence M A[t u - ,t„], S r -> £ 'grNfg- □ 

Definition 3.17 (Canonical filtration). For any object a; in ^4 gr [n], we define the canonical filtration 
F.x as follows. F-ix = and for any m > 0, 

Xfe if fc < m 

i=(!i,-,i»)ffl" 
Sij —k—m 

Remark 3.18. Since every object x in A' SI [n] is noetherian, there is the minimal integer m such that 
F m x = F m+ ix — ■ ■ ■ . In this case, we can easily prove that F m x = x. We call m degree of x and 
denote it by degx. 

3.2 Koszul homologies 

In this subsection, we define the Koszul homologies of objects in A' gr [n] and as an application of the 
notion about Koszul homologies, we study the /^-theory of .4 gr [n]. 

Definition 3.19 (Koszul complex). Let C be an additive category and n a positive integer. For any 
object x in C gT [n], we define the Koszul complex Kos(x) associated with x as follows. Kos(s) is a 
chain complex in C gI [n] concentrated in degrees 0, • • • ,n whose component at degree k is given by 
Kos(i) t: := £J) Xi where [1] is the totally ordered set {0, 1} with the natural order and x x is 

i=(ii,-,*„)e[l] n 
£ h = k 

a copy of x(- £)" =1 ij) and whose boundary morphism d^ os(a:) : Kos(x) fe -> Kos(x) fc _i is defined 

by (— l)^"=i+i ^ipi ■. x\ -> Xi_ Cj . on its xi to Xi_ C3 component where tj is the j-th unit vector. The 
association a; n- Kos(x) defines the exact functor 

Kos : C gr [n] -> Ch(C gr [ra]). 

Definition 3.20 (Koszul homologies). Let 5 be an idempotent complete exact category and n a 
positive integer. We put B := Lex£. We define the family of functors {T t : £ gr [n] -> # gr [™]} by 
Ii(x) := Hj(Kos(x)) for each x. T t (x) is said to be the i-th Koszul homology of x. Let us notice 
that for any conflation x >-+y -»z in £ gr [n], we have a long exact sequence 

► T i+1 (z) -»• Ti(s) -> r<(y) -4 2}(z) -> 2}_i(s) -> ••• . 

Definition 3.21 (Torsion free objects). An object x in A' gI [n] is torsion free if Ti(x) = for any 
i > 0. For each non-negative integer m, we denote the category of torsion free objects (of degree 
less than m) in A gT [n] by -4 gr>t f[n] (resp. ^ Iitfm [n]). Since ^^[n], ^ gr ,tf,mW are closed under 
extensions in Xjn], they become exact categories in the natural way. 



Proposition 3.22. For any objects x in A' gT [n] and y in A, we have the following assertions. 

(1) For any natural number k, F[n](y)(-k) is torsion free. 

(2) For any positive integer s, the assertion T (x) k = for any k < s implies x k = for any k < s. 

(3) We have the equality 

7VF ^ /° ' fk>P 

T (F p x) k = < ■ 

\T (x) k lfk<p 

(4) For any natural number p, there exists a canonical epimorphism 

of : T[n](T (x) p )(-p) -^F p x/F p -ix. 

(5) For any natural number p, T a (a p ) is an isomorphism. 

(6) lfTi(x) is trivial, then tiP is an isomorphism. 

Proof. (1) Since the degree shift functor is exact, we have the equality Ti(x(—k)) = Ti(x)(-k) for 
any natural numbers i and k. Therefore we shall just check that J"[n](y) is torsion free. If A is the 
category of finitely generated free Z-modules Vi and y — Z, then J"[n](y) is just the n-th polynomial 
ring over Z, Z[ti, ■■■ ,t n ] and Ti(jF[n](y)) is the i-th homology group of the Koszul complex associ- 
ated with the regular sequence t\, ■ ■ ■ , t n . In this case, it is well-known that Ti(F[n](y)) = for i > 0. 
For general A and y, there exists an exact functor V% ->• A which sends Z to y and which induces 
Ch ((^z)g r [n]) -4 Ch(^ r [n]) and Kos(J r [n](Z)) goes to Kos(T[n](y)) by this exact functor. Hence 
we obtain the equality Ti(jF[n](y)) = for any positive integer i. 

(2) First notice that we have the equalities 

T (x) =l X ° iffc = ° 

[Xk/lmiip 1 ,--- ,ip n ) iffc>0' 

Therefore if T (x) k = for k < s, then we have x = and x k = Im^ 1 , • • • , V'") for k < s. Hence 
inductively we notice that x k = for k < s. 

Assertion (3) follows from direct calculation. 

(4) We have the equality 



(F p x/F p -ix) k ^ 



if k < p 

yim(^,...,f) = T„( I ) p \\k=p' 

Therefore by Remark l3.11l we have the canonical morphism 

a p : T[n](T (x) p )(-p) -)■ {{F p x/F p _ lX )(p))(-p) - F p x/F p ^x. 

One can check that the morphism is an epimorphism. 
(5) By (1), we have the equalities 




F p x/F p _ lX ^T {F[n](T (x) p )(-p)) 



and T (a p ) p = id. Hence we get the assertion. 

(6) Let K p be the kernel of a p , we have short exact sequences 



if k ^p 
t ^ n ) \\k=p 



KP ~ T[n] (T (x) p )(-p) - F p x/F p ^x, 

F p -ix >-* F p x -» F p x/F p -ix. 

We call the long exact sequences of Koszul homologies associated with short sequences above (I), 
(II) respectively. By (I) and assertions (1) and (5), we have the isomorphism 

T^Fpx/Fp-^^ToiK*). 

We claim that the following assertion. 



Claim. T x {F p x/F p _ x x) = and T x (F p x) = 0. 

We prove the claim by descending induction of p. For sufficiently large p, we have Ti(F p x) = T x (x) 
and therefore it is trivial by the assumption. Then by (II) and (3), we have 

T o (K p )=T x (F p x/F p _ x x)=0. 

Therefore by (2), we have K p = 0. By (I) and (1), we have isomorphisms 

= T 2 (F[n](T (x) p )(-p))^T 2 (F p x/F p _ x x). 

By (II), we get T x (F p ^ x x) = 0. Hence we prove the claim and by (2), we get the desired result. □ 

Theorem 3.23. We have the canonical isomorphism 

Z[a]® z K(A)^K(A' ST [n]) 
which makes the diagram below commutative for any natural number k: 

K(A) 

K(T[n]{-k)) 



Z[a]® z K(A) — — > K(A' SI [n]). 

Proof. The inclusion functor A' gy . tf [n] <->A' [n] induces a homotopy equivalence of spectr a on K - 
theory by Lemma l3~13l (2\ Proposition [322(1) and Corollary 3 of the resolution theorem in [Qui731 . 
For any natural number m, there exists exact functors 

a ■ ^gr.tf.mM ~> A Xm+1 , X ^ {T (x) k )o<k<m, 

m 

b : A xm+1 -> A'^ titm [n], (z fc )o<fc< m *®?[n](x k )(-k). 

fc=0 

The map ab induces the identity map on A"-theory. On the other hand, any x in -4g,. it f, m M has an 
exact characteristic filtration F,x with F p x/F p - X x -4 J r [n ](T (x)„)(-p) by Proposition 13.221 (6). so 
applying Corollary 2 of the additivity theorem in |Qui73|, we acquire the assertion that the map ba 
also induces the identity map on if -theory. Therefore we have a homotopy equivalence of spectra 

m 

K(A' gI ^ m {n])^($K(A)<T\ 

i=0 

Finally by taking the inductive limit, we get the desired homotopy equivalence of spectra. □ 

Remark 3.24. The proof above shows that the inclusion functor A' gIti [n} ^A' gI [n} induces an equiv- 
alence of their bounded derived categories V b (A gr tf [n]) ^V b (A gr [n\) by [Sch1 1 , 3.2.8]. 

4 The main theorem 

In this section, let us fix an essentially small noetherian abelian category A. We consider the functor 
- <8uZ[£] from .4 to A[t] defined by sending an object a in A to an object a[t] in A[t]. Since Lex A is 
Gorthendieck, we can easily check that the functor - ®^ Z[t] is exact. The purpose of this section 
is to study the induced map from - ®^ Z[t] on if-theory. More precisely, we will prove the main 
theorem FTTl 



4.1 Nilpotent objects in A' gT [2] 

In this subsection, we will define the category -4g rnil [2] of nilpotent objects in -4 gr [2]. We also 
study the relationship A' gI [2] with A[t] and calculate the if-theory of -4 gr . ni i[2]. For simplicity in this 
subsection, we write V and 4> for ip 1 and %l> 2 respectively and for any object x in A and we write 

x[V^]forJ"[2](x). 

Definition 4.1. Let £ be an exact category. An object x in £ gr [2] is (V") nilpotent if there exists an 
integer n such that 

r x ' k = o 

for any non-negative integer k. We write £ gr:ni i[2] (resp. £ gr [2], £ gr [2] fg ) for the full subcategory of 
£ gr [2] (resp. £ gr [2], £ gr [2] fg ) consisting of all nilpotent objects. 

Lemma 4.2. The category -4 gr . nil [2] is a Serre subcategory of -4 gr [2]. In particular -4 gr]nil [2] is an 
abelian category. 

Proof. The assertion that -4 grni i[2] is closed under sub- and quotient objects and finite direct sum 
is easily proved. We can also easily prove the following assertion. For a short exact sequence 
x^y^>z in A' gI , let i and j be integers such that ipi = and ip J z = 0. Then we can easily prove 
that ip l y +j = 0. Therefore -4 gr . nil [2] is closed under extensions in -4 gr [2]. D 

Definition 4.3. Let £ be an essentially small exact category. We define the functor 

Q e (= 0) : £ gr [2] -4 End Lex £ 
which sends an object x in £ gr [2] to an object (colimx n ,colim</>„) in End Lex £ where colimx„ is an 



inductive limit of an ind system (x ^> x\ -^ x 2 -^ • • •)> namely Coker(££)x„ ' -4 (J) x «) ar, d 

n=0 n=0 

oo 

colim0„ is an inductive limit of {</>„}„, namely, a morphism which is induced from £ft </>„. 

n=0 

Lemma 4.4. /_ef £ be an essentially small exact category. Then 

(1) The functor <d £ : £ gr [2] -4 End Lex £ is an exact functor. Moreover ifu-.x^-y is an epimor- 
phism in £ gr [2], then 0(u) : 6 (a;) -4 0(y) /'s a/so an epimorphism in End Lex £. 

(2) For any oby'ecf a; /'n £ gr , n ii[2], 0(x) /s a zero object. 

(3) For any oby'ecf x in £ and any positive integer k, ip k : x(—k) -4 a; induces an isomorphism 
9(V) : 6(x(-fc)) -4 9(x) /'nEndLex£. 

(4) For any object x in£ gI [2] and any positive integer k, Q(x[tf>,4>](-k)) is canonically isomorphic to 
x[t}. 

(5) For any object x in £ gr [2] fg , Q(x) is in (End Lex £ ) f We denote the induced functor £ gT [2] fg -4 
(EndLex£) fg by0£,f g . 

In particular Q A f g induces the exact functor Q A (= 9) : •4 gr [2]/.Ag rnil [2] -4 A[t]. 

Proof. (1) The functor £ factors through the functor y gr [2] : £ gr [2] -4 (Lex£) gr [2] which is in- 
duced from the yoneda embedding y : £ -4 Lex£ and the colimit functor colim,/, : (Lex 5 ) [2] -4 
EndLex£. Obviously y gr [2] is exact and preserves epimorphisms. Since Lex£ is a Grothendieck 
category, the functor colim N : HOM(N, Lex£) -4 Lex£ is exact. In particular, we acquire the 
assertion that the functor Q £ is an exact functor and preserves epimorphisms. 

m— 1 

(2) For any object x in £ g r,mi[2], assume that ip™' k = for any non-negative integer fe. Then Y^ Vx 

oo oo oo 

is the inverse morphism of id - ^ -</>„. Therefore 6(x) = Cokcr(^ x n ' -4 ™ ^ x„) is trivial. 

n— n— n— 

(3) Obviously ker(i/> fe : x(-fc) -4 x) and Coker(i/> fe : x(-k) -4 x) are V-nilpotent in Lex£ gr [2]. 
Therefore 9 induces an isomorphism Q(ip k ) by the observation in the proof of (2). 



(4) By assertion (3), we shall assume that k = 0. In this case we have the canonical isomorphisms 

CO oo oo 

e(x[^])^Coker(0 ^^ id --|^0 a^V*)^®^" 

n=0 i+j— n n—0 i+j—n n— 

where a;^'^ and s0™ are copies of x. 

(5) For any object x in £ gr [2] fg , there exists a non-negative integer n such that the canonical mor- 

n 

phism ® Xk[ip,<f>]{-k)^x is an epimorphism in £ gr [2]. Then by (1) and (4), we have an epimor- 

fc=0 
n 

phism ® «*[*]-» 9 (a;) in End Lex 5. Therefore by Remark |2~T8l 9(a) is in (EndLex£) fg . D 

Theorem 4.5. The functorO -. A' gr [2}/ A' gr nil [2] -> .4[t] is an equivalence of categories. 

To prove Theorem 14.51 we need to the following lemmata. 
Lemma 4.6. Let R be a ring with unit and let us consider the polynomial ring R[t] over R and let 

oo 

M = M n be a finitely generated graded right R[i\- module. If the mapl-t -. M -> M is surjective, 
then M is t-nilpotent. Namely, there exists an integer n such that Mt n = 0. 

Proof. Since M is finitely generated by homogenious elements, we shall just check that for any 
homogenious element y in M k , there exists a positive integer I such that yt l = 0. By assumption, 

m 

there exists an element x = V" xj in M such that we have the equality 

3=0 

x(l-t)=y (1) 

where Xj is the jth homogenious component of x. By comparing the homogenious components of 
the equality (Q3, we notice that Xj is equal to if < j < k - 1 or j = m, y if j = k and Xj-it if 
fc+l < j < m—1. Therefore if m < k, we have y k = and if m > k, we have yt m ~ k = x k+1 t m ~ k ~ 1 = 
• • • = x m = 0. Hence we get the desired result. □ 

4.7. We prove that 6 is faithful. By Corollary [2.141 there exists a ring with unit R and an exact 
fully faithful embeddings j : A^Mr and k : Lex A ^ Mod(i?) which makes the diagram below 
commutative: 

VA 

A )■ Lex A 



Mr )■ Mod(fi) 

where the functor y^ is the yoneda embedding functor and i is the canonical inclusion functor. Then 
the functor j induces the fully faithful embedding 

3 ■= Jgr[2] fg : -4 g r[2]fg = A' gl .{2} >-> (M R ) gl .[2} fg - M R{tlMsI 

which makes the diagram below commtative by virtue of Remark l3.15l and Example [3.16l 

2'grMfg 

Agr[2] > M R[tl>t2]igI 



r-i 



A.tg 



e 



A-I^^fg 



A[t] = (End Lex A) t >■ EndMod(fl). 

End(fc) 

For an object x in -4g r [2], assume that &A,is( x ) ' s a zero object. Then by Lemma [4~6l j'(x) is a 
ii-nilpotent i?-module and therefore x is f/'-nilpotent. Hence Qa is faithful. D 



Definition 4.8 (-0-free object). An object z in A gr [2] is ip-1ree if a morphism ip n ■. z n 
monomorphism for any non-negative integer n. 



%+l 



is a 



Lemma 4.9. For any object y in A' gI [2], there exists a %jj-free object z in A' gi . [2] and an epimorphism 

u: y -)■ z in A' gr [2] such that the object keru is in A' gT , nil [2]. 

Proof. For any non-negative integer n, we denote the canonical morphism from y n to colimy.,- = 6(y) 
by i n : y n -> 9{y) and we put z n := Imt„. Then we have the commmutative diagrams below 



i>n 



-7* Un + 1 Vn 

hz + 1 



&(y) > e(») 

colim i/?^ 



4 2M 





efe). 



Therefore ^„ and n induce a morphism z n A z n+ i and a monomorphism z n ^4z n+ i for any non- 
negative integer n. Then z = {z n ,i>n., 4>n} is a ^-free object in *4 gr [2] and there exists a canonical 
short exact sequence 

ker /i > 



y^z. 



Notice that y is in A' gr: [2] and therefore z is also in -4g r [2]. Obviously 0(y) 
isomorphism in .4[£]. Hence by 14. 71 the object ker/i is in A' SI , nii [2}. 



e(u) 



0(z) = 0(y) is an 
D 



Lemma4.10. (1) For any object x in A, any ip -free object y in A' gT [2] and any morphism 0(a;[V>, $)) = 
x[t] A 0(y), there exists a non-negative integer k and a morphism u : x{ip,<j)}(-k) -> y in A' gT [2] 

such that a = Q(x[ip,<f>] t- x[ip,<f>](— k) A y). 

(2) For any ip-free object y and any object z in A gr [2] and any morphism 9(z) A 0(y), there exists 
a non-negative integer k and a morphism u -. z n [ip, 4>](—k) -> y in A' gr [2] such that 0(u) makes the 
diagram below commutative 



ew") 



e( z „[lM](-*)) 



e(c(-fe)) 
Q{z n ty,<t>]{-n-k)) > e(z(-k)) 



&(i> k ) 



e(z n {i,,4>](-n)) 



8(a) 



&{i> k ) 



4 e(*) 



e(u) 



6(y) 



where the morphism a : z n [ip, <f>] (— n) ->■ z is the canonical morphism as in Remark \3. 1 1\ 

Proof. (1) We denote the composition of morphisms x -t x[t] A Q(y) in Lex .4 by a and the 
canonical morphism from y n to 0(y) by i n : y n -t 0(y) for any non-negative integer n. Since Ima 
is a quotient of aj in Lex.A, it is noetherian by Lemma |Z5l fl) and therefore an asscending chain 
Of SUbobjectS Of Ima, {Ima D Imt„} neN is Stational, say Ima n Imtjt = Ima n L k+1 = ■■• . Then 
since Lex A is Grothendieck, we have Ima = colimi> fc Ima nlmt, = Imanlmt fe . Therefore the 

morphism a factors through morphisms x A y k and y k A 0(y). By Remark [3. 11 1 a' induces the 

desired morphism u : x[^, <£](-- fc) ->■ y. 

(2) By applying assertion (1) to the morphism a0(a) : z n [t] -> 0(y), we get the assertion. □ 

4.11. We prove that 6 is full. Namely, for any objects x, y in A' [2], we prove that the map 



6 : Rom A y [2 ]/ A' nil l2](%>y) ~> Hom A[t] {0(x),@(y)) 



is surjective. By Lemma l4~9l we may assume that y is ip-iree. By Lemma l3T3l (2), there exists a 

m 

non-negative integer m such that the canonical morphism z := (T)x k [ip, <j)](-k)-»x is an epimor- 



fc=0 



phism. Let u : 0(x) -¥ Q(y) be a morphism in A[i\. Then by Lemma [4~T0l (2). there exists a 
non-negative integer I and a morphism u : z(—l) -4 y which makes the right diagram below com- 
mutative 

j p(-i) eu) e(p(-o) 
kerP(-0> > z(-l) » a:(-Z) 6(kerP(-Z))> » ©(*H)) » 6(*H)) 



e(«) 



8(f) 



e(x). 



Since 9 is faithful, uj is the zero morphism, u induces a morphism u : a;(— /) ->■ y in the left 



commutative diagram above and we have the equality a = Q(x <- x(-l) 
desired result. 

Corollary 4.12. We have a fibration sequence of spectra 

^(4r,nil[2]) "► K(A' SI {2]) -► X(„4[i]). 



j/). Hence we get the 

D 



D 



Proposition 4.13. The inclusion functor A' gl .[l] c ->A' g[tnil [2] defined by (x,^ 1 ) 1-4 (a;,^ 1 ,^ = 0) 
induces a homotopy equivalence of spectra on K -theory. 

Proof. First notice that A' gI [l] is closed under admissible sub and quotient objects in -4g,. nil [2]. 
Moreover for any x in ^4g Ivli i [2] , let us consider the filtration {Imi/> fe }fe eN of x. Then for each k, 
haip k /Imxl) k+1 is isomorphic to an object in -4 gr [l]. Therefore we get the desired result by the 
devissage theorem. □ 

Corollary 4.1 4. We have the canonical homotopy equivalence of spectra 

00 
K(A)^Z[a](^K(A)a i )^K(A' gl!nil [2]). 

i=0 

D 



4.2 The proof of the main theorem 

In this subsection, we will finish the proof of the main theorem. The key lemma is the following. 
Lemma 4.15. There exists the commutative diagram below 



ZW 



(l-<r)®id 



K(A) 



-> K(A' nil [2}) 



4 K(A'[2\). 



Z[a]<Z> z K(A) - 

Proof. An object a in A goes to (a[V>],^>, 0) by the compositions of the functors A -¥ A' grnil [2] -> 
A' ST [2] and goes to a[ip,4>] by the functor T[2] -. A -4 -Ag r [ 2 ]- Moreover let us notice that the functor 

F[2](-k) : A -4 A' gI [2] induces 1[<j] ® z K{A) £ 1[a] ®z K(A)^K(A' g M) by TheoremET23] On 
the other hand, for any object a in A, there exists an exact sequence in A' gI [2] 



a[M](-l)~a[^«fl -»(<#], V>,0). 
By the additivity theorem, this implies that the diagram in the statement is commutative. 



□ 



Proof of 11 .11 The assertion follows from the commutative diagram of fibration sequences of spectra 
below and five-lemma. 



(l-tr)<g>id 

Z[a] ®z K(A) > Z[a}® z K{A) ► K{A) 



■"■ l"^gr,nilJ 



-> K(A') 



K{-® A -Z[t\) 



-> K(A[t] 
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